Abstract. In this paper, we study the Gorenstein global dimension of an amalgamated duplication of a coherent ring along a regular principal ideal.
Introduction
Throughout this paper, all rings are commutative with identity element, and all modules are unital. If M is an R-module, we use pd R (M), id R (M) and fd R (M) to denote, respectively, the classical projective, injective and flat dimensions of M. We use also gldim (R) and wdim (R) to denote, respectively, the classical global and weak dimension of R. We say that an ideal is principal regular if it is generated by a regular element, i.e., a nonzerodivisor element. [9, 10, 11] ), is the following subring of R × T (R) (endowed with the usual componentwise operations):
The amalgamated duplication of a ring R along an R-submodule of the total ring of quotients T (R), introduced by D'Anna and Fontana and denoted by R ⊲⊳ E (see
R ⊲⊳ E := {(r, r + e) | r ∈ R and e ∈ E}.
It is obvious that, if in the R-module R ⊕ E we introduce a multiplicative structure by setting (r, e)(s, f ) := (rs, r f + se + e f ), where r, s ∈ R and e, f ∈ E, then we get the ring isomorphism R ⊲⊳ E R ⊕ E. When E 2 = 0, this new construction coincides with the Nagata's idealization. One main difference between this constructions, with respect to the idealization (or with respect to any commutative extension, in the sense of Fossum) is that the ring R ⊲⊳ E can be a reduced ring and it is always reduced if R is a domain (see [9, 11] ). If E = I is an ideal in R, then the ring R ⊲⊳ I is a subring of R × R. This extension has been studied, in the general case, and from the different point of view of pullbacks, by D'Anna and Fontana [11] . As it happens for the idealization, one interesting application of this construction is the fact that it allows to produce rings satisfying (or not satisfying) preassigned conditions. Recently, D'Anna proved that, if R is a local Cohen-Macaulay ring with canonical module ω R , then R ⊲⊳ I is a Gorenstein ring if and only if I ω R (see [9] ). Note also that this construction has already been applied, by Maimani and Yassemi for studying questions concerning the diameter and girth of the zero-divisor graph of a ring (see [20] ). Recently in [8] , the authors study some homological properties and coherence of the amalgamated duplication of a ring along an ideal. In this paper we study some particular cases of the amalgamated duplication extension from the Gorenstein homological point of view.
For a two-sided Noetherian ring R, Auslander and Bridger [1] introduced the G-dimension, Gdim R (M), for every finitely generated R-module M. They showed that there is an inequality Gdim R (M) ≤ pd R (M) for all finite R-modules M, and equality holds if pd R (M) is finite.
Several decades later, Enochs and Jenda [12, 13] defined the notion of Gorenstein projective dimension (G-projective dimension for short), as an extension of G-dimension to modules which are not necessarily finitely generated, and the Gorenstein injective dimension (G-injective dimension for short) as a dual notion of Gorenstein projective dimension. Then, to complete the analogy with the classical homological dimension, Enochs, Jenda and Torrecillas [15] introduced the Gorenstein flat dimension. Some references are [6, 7, 12, 13, 15, 19] .
Recall that an R-module M is called Gorenstein projective if, there exists an exact sequence of projective R-modules:
such that M Im (P 0 → P 0 ) and such that the operator Hom R (−, Q) leaves P exact whenever Q is projective. The resolution P is called a complete projective resolution. The Gorenstein injective R-module are defined dually. And an R-module M is called l Gorenstein flat if, there exists an exact sequence of flat R-modules:
such that M Im (P 0 → P 0 ) and such that the operator I ⊗ R − leaves F exact whenever I is a injective. The resolution F is called complete flat resolution.
The Gorenstein projective, injective and flat dimensions are defined in term of resolution and denoted by Gpd (−), Gid (−) and Gfd (−) respectively (see [6, 14, 19] ).
In [2] , the authors prove the equality:
They called the common value of the above quantities the Gorenstein global dimension of R and denoted it by Ggldim (R). Similarly, they set wGgldim (R) = sup{Gfd R (M) | M is an R-module} which they called the weak Gorenstein global dimension of R. In this paper we study the Gorenstein homological dimension of the class of rings with the form R ⊲⊳ xR where R is coherent and x is a nonunit regular element of R. As shown in [2, Corollary 1.2], the Gorenstein homological dimensions of rings are refinement of the classical homological ones with equality if the weak dimension is finite. Hence, the importance of these dimensions appears when the weak dimension is infinite. Thus, before continuing, it is naturel (as motivation) to show what happens with the wdim (R ⊲⊳ xR). Consider the short exact sequences of R ⊲⊳ xR-modules:
where i is the injection and ε(r, r + r ′ x) = r, and
where µ(r) = (rx, 0) and ν(r, r + xr ′ ) = (0, (r + r ′ x)x) It is easy, from (⋆) and (⋆⋆), to see that R and 0×xR are finitely presented R ⊲⊳ xR-modules since 0 × R = (0, x)R ⊲⊳ xR and R R ⊲⊳ xR/(0 × xR) are finitely generated. And, for every 
That means that x(r + xr ′ ) = 1. Then x is invertible, a contradiction. Then, we conclude that wdim(R ⊲⊳ xR) = ∞. So, it is interesting to study the Gorenstein global and weak dimensions of R ⊲⊳ xR.
The main result of this paper is stated as follows: Theorem 1.1. Let R be a coherent ring which contains a nonunit regular element x. Then,
(1) wGgldim (R ⊲⊳ xR) = wGgldim (R), and (2) Ggldim (R ⊲⊳ xR) = Ggldim (R).
Main results
To prove this Theorem we need to introduce some other notions (the n-FC rings and the global cotorsion dimension of rings) and we need also a several Lemmas.
Lemma 2.1. Let R be a ring and I be a proper ideal of R such that the canonical (multiplication) map R → Hom R (I, I) is an isomorphism and Ext
Proof. Consider a k-step injective resolution of I as an R-module:
By [10, Theorem 2.1], R ⊲⊳ I R⊲⊳I Hom R (R ⊲⊳ I, I). On the other hand, by hypothesis, Ext
On the other hand,
(we use the ring morphism R → R ⊲⊳ I defined by r → (r, r)). Then, if Hom R (R ⊲⊳ I, K) is an injective R ⊲⊳ I-module, K is also an injective R-module. Hence, id R (I) ≤ id R⊲⊳I (R ⊲⊳ I). Consequently, id R (I) = id R⊲⊳I (R ⊲⊳ I), as desired. Now suppose that x is a regular element of R and consider the multiplication morphism of R-modules ε : R → Hom R (xR, xR) defined by, for every r, a ∈ R, ε(r)(xa) = rxa. We claim that ε is an isomorphism. If ε(r) = 0 we have ε(r)(x) = rx = 0. Then, r = 0 since x is a regular element of R. Now, let ϕ ∈ Hom R (xR, xR). Since x is regular there is a unique a ∈ R such that ϕ(x) = ax. Thus, for every y ∈ R we have ϕ(xy) = yϕ(x) = yax = a(xy). Then, ϕ = ε(a) and then ε is an isomorphism. Consequently, the desired particular result follows immediately from the first part of this proof. [17] ) Let R be a ring and M be an R-module.
Definition 2.2. ([22] and
(1) The FP-injective dimension of M, denoted by FP-id R (M), is the least positive integer n such that Ext n+1 R (P, M) = 0 for every finitely presented R-module P. (2) A ring R is said to be n-FC, if it is coherent and it has self-FP-injective at most at n (i.e., FP-id R (R) ≤ n).
In the Definition above, if n = 0 the ring is called an FC ring. Using [5, Theorems 6 and 7], we deduce the following Lemma. Lemma 2.3. Let R be a coherent ring. The following statements are equivalent for an integer n ≥ 0.
(
Lemma 2.4. Let R be a ring which contains a regular element x. Then, FP-id R
→ R → 0 where ι is the injection and ε(r, r + r ′ x) = r, we see that M is also a finitely presented R ⊲⊳ xR-module (via ε and by using [18, Theorem 2.1.8(2)] since 0 × xR = (0, x)R ⊲⊳ xR is finitely generated). Applying [21, Theorem 11.66 ] to the diagonal embedding ϕ : R → R ⊲⊳ xR defined by ϕ(r) = (r, r) (see that R ⊲⊳ xR is a free R-module), we obtain: , xR) ). But xR R R and R ⊲⊳ xR R⊲⊳xR Hom R (R ⊲⊳ xR, xR) (see the proof of Lemma 2.1). Then, ( * ) becomes: Ext
is obvious. So, we may assume that FP-id (R) = n < ∞. Let M be a finitely presented R ⊲⊳ xR-module. Since R ⊲⊳ xR is a finitely generated free R-module via the morphism of rings ϕ (R ⊲⊳ xR R R 2 ), M is also a finitely presented R-module. Hence, by [21, Theorem 11.66], we have: Proof. Recall that every R ⊲⊳ xR-module M (resp., every R ⊲⊳ xR-morphism f ) is an Rmodule (resp. an R-morphism) via the diagonal embedding of rings υ : R → R ⊲⊳ xR defined by r → (r, r). Explicitly, for every r, r ′ ∈ R and m ∈ M, we have the R-modulation r.m := (r, r)m. Clearly, we have pd R (M ⊗ R⊲⊳xR R) ≤ pd R⊲⊳xR (M) since Tor i R⊲⊳xR (M, R) = 0. Hence, we have to prove the other inequality. The proof will be by induction on n := pd R (M ⊗ R⊲⊳xR R). First, suppose that M⊗ R⊲⊳xR R is projective and consider the short exact sequence of R ⊲⊳ xRmodules:
where i is the injection and ε(r, r + r ′ x) = r for every r, r ′ ∈ R. Since Tor R⊲⊳xR (M, R) = 0, if we tensor (⋆) with M ⊗ R⊲⊳xR − we obtain the short exact sequence of R ⊲⊳ xR-modules:
It is also an exact sequence of R-modules via υ. On the other hand, consider the R-module 0 × xR (the modulation of R over 0 × xR is the naturel one defined by r(0, xa) = (0, rxa)). Since xR R 0 × xR naturally, we have the naturel isomorphism of R-modules
Moreover, if we consider the ring map ϕ : R ⊲⊳ xR → R defined by (r, r + xr ′ ) → r + xr ′ , using [21, Lemma 11.61(i)], we have the naturel isomorphism of R-modules:
and it is clear that the modulation of R ⊲⊳ xR over 0 × xR via ϕ is defined by setting:
Clearly, this modulation is the same as the naturel modulation of R ⊲⊳ xR over the ideal 0 × xR. If we denote M := M/(0 × xR)M, we have the naturel isomorphisms of R-modules: (1), (2) and φ 1 , we have the naturel isomorphism of R-modules:
→ m ⊗ xr It is not hard to check that the following diagram of R-modules is commutative:
where α and π are defined as follows: α(m ⊗ xr) = (0, xr)m, for every m ∈ M and r ∈ R and π(m) = m is the canonical projection. Hence, since the upper sequence is exact, so is the down one. Moreover, this sequence splits since M is a projective R-module and there is an R-morphism
Hence, we deduce the following isomorphism of R-modules:
Give the left hand side of this isomorphism an R ⊲⊳ xR-modules structure by setting:
(it is easy to check that the structure above is a modulation and we denote the R ⊲⊳ xRmodule obtaining by M).
Seen that π ′ (m) = π • π ′ (m) = m we have:
Recall that M is a projective R-module and consider an R-morphisms:
. Using ρ and σ, we construct the R-morphisms:
It is clear that ρ and ̺ are well defined since x is regular. Moreover, we have:
Thus, M is a projective R ⊲⊳ xR-module. Hence, M is also projective as an R ⊲⊳ xR-module (recall that M R⊲⊳xR M by the R ⊲⊳ xR-isomorphism β). Hence, the case n = 0 holds. Now, suppose that 0 < pd R (M ⊗ R⊲⊳xR R) = n. Clearly pd R⊲⊳xR (M) > 0. Thus, consider a short exact sequence of R ⊲⊳ xR-modules:
where P is projective and pd R⊲⊳xR (K) = pd R⊲⊳xR (M) − 1. Since Tor i R⊲⊳xR (M, R) for every i > 0, if we tensor (∓) with − ⊗ R⊲⊳xR R, we obtain the short exact sequence of R-modules:
as desired.
Recall that the finitistic projective dimension of a ring R is
Lemma 2.6. Let R be a ring which contains a regular element x. Then, FPD (R ⊲⊳ xR) = FPD (R).
Proof. First, we claim that FPD (R ⊲⊳ xR) ≤ FPD (R). Obviously, if FPD (R) = ∞ the inequality holds. Hence we may assume that FPD (R) < ∞. Let M be an R ⊲⊳ xR-module with finite projective dimension. From the shorts exact R ⊲⊳ xR-sequences:
where µ(r) = (rx, 0) and ν(r, r + xr ′ ) = (0, (r + r ′ x)x), we deduce that, for every i > 0,
Secondly, we claim that FPD (R) ≤ FPD (R ⊲⊳ xR). So, let M be an R-module with finite projective dimension. Since R ⊲⊳ xR R R ⊕ xR R R 2 (since x is regular element) it is easy to see that pd R⊲⊳xR 
. And we have:
Consequently, FPD (R) ≤ FPD (R ⊲⊳ xR), as desired. From the first and second claim, we conclude the desired equality.
In [16] , Ding and Mao introduced the cotorsion dimension of modules and rings, which are defined as follows: Definition 2.7. Let R be a ring.
(1) The cotorsion dimension of an R-module M, denoted by cd R (M), is the least positive integer n for which Ext 
recall that x is a regular element of R), we have: Similarly, we show that Ggldim (R ⊲⊳ xR) = Ggldim (R) when Ggldim (R ⊲⊳ xR) is finite, and this gives the desired result.
From Theorem 1.1 and [2, Corollary 1.2] we see that for every coherent ring R with finite classical homological dimensions, the amalgamated duplication of R along a principal regular ideal I = xR transfers R to a ring R ⊲⊳ xR with infinite classical homological dimensions but with finite Gorenstein dimensions. Namely, Ggldim (R ⊲⊳ xR) = gldim (R) and wGgldim (R) = wdim (R). Now, we are able to construct a new class of reduced Noetherian rings with finite Gorenstein global dimensions and infinite weak dimensions. In the following example, we construct a new family of non-Noetherian coherent rings {S n } n≥1 such that Ggldim (S n ) = n + 1 and wdim (S n ) = ∞ for each n > 0. Example 2.10. Let n > 0 be an integers and let R n = R[X 1 , X 2 , ..., X n ] be the polynomial ring in n indeterminates over a non-Noetherian hereditary ring R. Let S n := R n ⊲⊳ X 1 R n . Then, S n is a non Noetherian coherent ring with Ggldim (S n ) = n + 1 and wdim (S n ) = ∞.
Proof. From [18, Theorem 7.3.1], R n is coherent for every n > 0. And by Hilbert's syzygy Theorem, gldim (R n ) = n + 1. Therefore, Theorem 1.1 and [3, Theorem 2.1] imply that Ggldim (S n ) = n + 1.
Also, Theorem 1.1 allows us to construct a new family of non-Noetherian coherent rings {R n } n≥1 such that wGgldim (R n ) = n + 1, Ggldim (R n ) > n + 1 and wdim (R n ) = ∞ for all n ≥ 0, as follows:
